In this paper, we investigate a holonomy invariant elliptic anisotropic surface energy for hypersurfaces in a complete Riemannian manifold, where "holonomy invariant" means that the elliptic parametric Lagrangian (i.e., a Finsler metric) of the Riemannian manifold used to define the anisotropic surface energy is constant along each holonomy subbundle of the tangent bundle of the Riemannian manifold. First we obtain the first variational formula for this anisotropic surface energy. Next we shall introduce the notions of an anisotropic convex hypersurface, an anisotropic equifocal hypersurface and an anisotropic isoparametric hypersurface for this anisotropic surface energy. Also, we shall introduce the notion of an anisotropic tube for this anisotropic surface energy. We prove that anisotropic tubes over a one-point set in a symmetric space are anisotropic convex hypersurfaces and that anisotropic tubes over a certain kind of reflective submanifold in a symmetric space are anisotropic isoparametric and anisotropic equifocal hypersurfaces.
Introduction
) studied the elliptic parametric functional given by a parametric Lagrangian of general degree in the Euclidean space from the point of wide view of geometric measure theory, where we note that his study can be apply to the study of the elliptic parametric functional for (smooth) submanifolds of general codimension in the Euclidean space because the parametric Lagrangian is of general degree. B. White ( [W] ) studied the elliptic parametric functional for (smooth) submanifolds (of general codimension) in the Euclidean space in detail. In particular, U. Clarenz ( [Cl] ) studied the elliptic parametric functional for (smooth) hypersurfaces in the Euclidean space in more detail. On the other hand, Palm] ) studied a special elliptic parametric functional (which they called an anisotropic surface energy) for (smooth) hypersurfaces in the Euclidean space.
In the case where the ambient space is a general complete oriented Riemannian manifold, Lira and Melo ( [LM] ) have recently introduced an elliptic parametric functional for (smooth) hypersurfaces as follows. Let M be an (n+1)-dimensional complete oriented Riemannian manifold and M be an n-dimensional compact oriented manifold, where M may have the boundary. Let F be a positive C ∞ -function over the tangent bundle T M \ {0} of M satisfying the homogeneity condition (H) F (tX) = t F (X) (X ∈ T M \ {0}, t > 0).
Then F is called a parametric Lagrangian (of M ). Furthermore, if it satifies the elliptic condition (E) ( ∇d F ) X (Y, Y ) > 0 (X ∈ T M \ {0}, Y ( = 0) ∈ T X (T M ) s.t. g(X, Y ) = 0), then it is said to be elliptic, where g is the Sasaki metric of T M and ∇ is the Riemannian connection of g. Note that an elliptic parametric Lagrangian means a Finsler metric. Let f be an immersion of M into M . They studied the following type of functional:
where ξ is the unit normal vector field of f (compatible with the orientations of M and M ) and dV is the volume element of the induced metric on M by f . They called F an elliptic parametric functional. In this paper, we shall call F an anisotropic surface energy following to the terminology of . In particular, if F is constant along each holonomy subbundle of T M (i.e., horizontally constant in the sense of [LM] ), then we shall say that F and F are holonomy invariant. Note that the anisotropic surface energy treated by Koiso and Palmer is holonomy invariant. Lira and Melo ( [LM] ) stated that the horizontally constancy (=holonomy invariantness) of the elliptic anisotropic surface energy need to be imposed in order that the anisotropic mean curvature (which is a variational notion) of f is given as the trace of the anisotropic analogue (which is a hypersurface theoretical notion) of the shape operator of f .
Motivation 1. As in the above statement by Lira and Melo, we consider that the elliptic anisotropic surface energy need to be assumed to be holonomy invariant in order to study the variational problem for the above elliptic anisotropic surface energy from the view of point of the hypersurface theory.
Motivation 2.
In the case where the ambient space is a standard space, it is important to give examples of critical points (i.e., hypersurfaces with constant anisotropic mean curvature) of the holonomy invariant elliptic anisotropic surface energy over the class of all volume-preserving variations.
If the holonomy group of the ambient space M is big, then the holonomy invariantness of the elliptic anisotropic surface energy is a strong constraint condition. In particular, if M is rotationally symmetric (for example, a rank one symmetric space), then the only holonomy invariant elliptic anisotropic surface energy is a constant-multiple of the volume functional. Hence we are interested in the case where the holonomy group of the ambient space is small. J. Ge and H. Ma [GM] studied the anisotropic surface energy treated by Koiso-Palmer. For this anisotropic surface energy, they introduced the notions of an anisotropic principal curvature and an anisotropic parallel translation of a hypersurface in the Euclidean space. They proved that a hypersurface is with constant anisotropic principal curvatures if and only if the anisotropic parallel hypersurfaces of the hypersurface are of constant anisotropic mean curvature (i.e., the hypersurface is anisotropic isoparametric in the sense of [GM] ). Furthermore, they obtained a Cartan identity for a hypersurface with constant anisotropic principal curvatures and classified complete hypersurfaces with constant anisotropic principal curvatures in terms of this identity.
Motivation 3. In a (general) complete Riemannian manifold, we should introduce the notions similar to the above notions introduced in [GM] and study the relations between the notions. Also, we should give examples of the notions in a standard complete Riemannian manifold.
Under the above motivations, in this paper, we shall first give the first variational formula for a holonomy invariant elliptic anisotropic surface energy satisfying some convexity condition in a complete Riemannian manifold, which is a special one of the first variational formula for a (not necessarily holonomy invariant) elliptic anisotropic surface energy given by Lira and Melo ( [LM] ) but cannot be derived directly from their formula (see Section 1). Furthermore, by using this formula, we investigate a critical point of this anisotropic surface energy over the class of all variations (or over that of all volume-preserving variations) (see Section 1). Next, for this anisotropic surface energy, we introduce the notions of an anisotropic convex hypersurface, an anisotropic equifocal hypersurface and an anisotropic isoparametric hypersurface (see Section 2) . Next, for this anisotropic surface energy, we introduce the notion of an anisotropic tube over a submanifold (Section 3) and prove that anisotropic tubes over an one-point set (which are called anisotropic geodesic spheres and are the notion corresponding to the Wulff shape in the Euclidean case) in a symmetric space of compact type or non-compact type are anisotropic convex hypersurfaces (see Section 4) and that anisotropic tubes over a certain kind of reflective submanifold in a symmetric space of compact type or non-compact type are anisotropic isoparametric and anisotropic equifocal hypersurfaces (see Section 5). Finally, we prove that the anisotropic equifocality is equivalent to the anisotropic isoparametricity in the case where the ambient space is a symmetric space of non-negative curvature (see Section 6).
Holonomy invariant anisotropic surface energy
In this section, we shall define a holonomy invariant anisotropic surface energy in a complete Riemannian manifold, which is treated in this paper, and obtain the first variational formula for this anisotropic surface energy.
Let M be an (n+1)-dimensional complete (oriented) Riemannian manifold. Denote by , and ∇ the (Riemannian) metric and the Riemannian connection of M , repsectively. Also, denote by τ c the parallel translation along a curve c in M , Φ p the holonomy group of M at p(∈ M ) and P hol v the holonomy subbundle of T M through v(∈ T M ). Also, denote by S n (1) p the unit sphere centered at the origin in T p M . Fix p 0 ∈ M . For simplicity, set Φ := Φ p 0 and S n (1) := S n (1) p 0 . It is clear that Φ acts on S n (1). Denote by π Φ the orbit map of this action. For each p ∈ M , take a shortest geodesic γ p : [0, 1] → M connecting p 0 to p (i.e., γ p (0) = p 0 , γ p (1) = p). Note that the choice of γ p is not unique for each p belonging to the cut locus (which is denoted by C) of p 0 . In the sequel, we fix the choices of γ p 's (p ∈ C). For simplicity, set τ p := τ γp . Let M be a n-dimensional compact (oriented) manifold, which may have boundary, and f an immersion of M into M . Denote by ξ the unit normal vector field of f (compatible with the orientations of M and M ). Define a map ν :
Note that ν depends on the choices of γ p 's (p ∈ C) but ν is independent of their choices. Under fixed choices of γ p 's (p ∈ C), we call ν the Gauss map of f . Denote by C ∞ (S n (1)) Φ the ring of all Φ-invariant C ∞ -functions over S n (1). Take an elliptic parametric Lagrangian F of M . Assume that F is holonomy invariant, that is,
is constant for any v ∈ T M \ {0}. Denote by F p the restriction of F to S n (1) p . In particular, we denote F p 0 by F for simplicity. Then, since F is holonomy invariant,
p holds for any p ∈ M and F is Φ-invariant. Thus F is determined by F , that is, any holonomy invariant elliptic parametric Lagrangian (of M ) is constructed from a Φ-invariant C ∞ -function over S n (1). Furthermore, assume that F satisfies the following convexity condition:
where ∇ S is the Riemannian connection of S n (1), id is the identity transformation of T S n (1). Note that the orbit space S n (1)/Φ is an (r − 1)-dimensional orbifold in the case where M is a symmetric space of rank r. In particular, if M is a symmetric space of rank one, then S n (1)/Φ is of dimension zero and hence F must be constant and hence the above anisotropic surface energy F is equal to the (usual) volume functional up to a constant-multiple. Thus, if M is a symmetric space, then we are interesting in the case where the rank of the symmetric space is higher. Denote by Imm(M, M ) the set of all (C ∞ -)immersions of M into M . In this paper, we shall investigate the holonomy invariant elliptic anisotropic surface energy
where dV is the volume element of the induced metric on M by f . Note that F (ξ x ) = (F • ν)(x) (x ∈ M ) and hence F • ν is independent of the choices of γ p 's (p ∈ C). Denote by H the mean curvature of f (with respect to ξ). Define a function H F over M by
, where div(·) is the divergence of (·) with respect to the induced metric on M by f . Here we note that τ f (y) ((gradF ) ν(y) ) ∈ f * (T y M ) for any y ∈ M (see Figure 1) . We call H F the anisotropic mean curvature of f . If H F = 0, then we call f : M ֒→ M an anisotropic minimal hypersurface. Also, if H F is constant, then we call f : M ֒→ M a hypersurface with constant anisotropic mean curvature.
is the parallel translation along the product
c(s) of the curves γ c(0) , c| [0,s] and γ Let
Denote by g t the metric on M induced from , by f t and ∇ t the Riemannian connection of g t . Set ∇ := ∇ 0 . In the sequel, denote by , all metrics unless necessary. Let π M be the natural projection of M × (−ε, ε) onto M . Denote by ∇ f and ∇ f the covariant derivative along f and f for ∇, respectively. For a vector bundle E, denote by Γ(E) the space of all (C ∞ -)sections of E. Also, denote by T M the tangent bundle of M and We obtain the following first variational formula for F.
Theorem 1.1. Let f t (−ε < t < ε) be a boundary-fixing variation of f and V = f * (V T ) + ψξ the variational vector field of f t , where
where H F is the anisotropic mean curvature of f and dV is the volume element of the induced metric on M by f .
Proof. For simplicity, denote by ν t the Gauss map of f t . Denote by g t , A t , h t , H t and ξ t the induced metric, the shape operator, the second fundamental form, the mean curvature and a unit normal vector field of f t , respectively. Also, denote by dV t the volume element of g t . For simplicity, set A := A 0 , h := h 0 , H := H 0 and ξ := ξ 0 . Then we have
Also, we have
. By a simple calculation, we can show
On the other hand, we have
where we note that τ hol Vx and τ hol f * ((V T )x) are elements of the holonomy algebra of M at p 0 . Also, since V vanishes on ∂M , we have
From (1.2), (1.3), (1.8), (1.9) and (1.10), we obtain the desried variational formula. q.e.d. Remark 1.1. This first variational formula cannot be derived directly from the first variational formula by Lira and Melo (see the proof of [LM, Theorem 1] ) for a (not necessarily holonomy invarinat) elliptic anisotropic surface energy.
From this first variational formula, we obtain the following result.
Proof. The statement (i) follows from the first variational formula in Theorem 1.1 directly. When the variation f t (−ε < t < ε) is volume-preserving, we have M ψdV = 0, where ψ is as in Theorem 1.1. Hence the statement (ii) also follows from the first variational formula in Theorem 1.1 directly. q.e.d.
Anisotropic equifocal hypersurfaces and anisotropic isoparametric hypersurfaces
We use the notations in the previous section. In this section, we shall introduce the notions of an anisotropic convex hypersurface, an anisotropic equifocal hypersurface and an anisotropic isoparametric hypersurface for the holonomy invariant elliptic anisotropic surface energy F. Assume that ∂ M = ∅. Define a transversal vector field ξ F of f by
for any x ∈ M and X ∈ T x M . We call A F a anisotropic shape operator of f and the eigenvalues of A F x anisotropic principal curvatures of f at x. It is easy to show that Tr A F coincides with H F . If all anisotropic principal curvatures of f are positive (or negative) at each point of M , then we say that f : M ֒→ M is anisotropic convex. Note that, in the case where M is a (n + 1)-dimensional Euclidean space R n+1 , we have
where we identify f * (T x M ) with T ν(x) S n (1) under the identification of T f (x) R n+1 and T p 0 R n+1 . Denote by R the curvature tensor of M and R(ξ F ) the anisotropic normal Jacobi operator R(·, ξ F )ξ F . Let γ F x be the geodesic in M whose initial velocity vector is equal to (ξ F ) x . Take X ∈ T x M . Let Y X be the Jacobi field along γ F x with Y X (0) = f * (X) and
) an anisotropic focal radius (resp. an anisotropic focal point) of f at x. Also, for a anisotropic focal radius s 0 of f at x, we call {X ∈ T x M | Y X (s 0 ) = 0} the nullity space of s 0 and its dimension the multiplicity of s 0 . If the set of all anisotropic focal radii of f at x is independent of the choice of x ∈ M , then we call f : M ֒→ M an anisotropic equifocal hypersurface. Also, if the set of all anisotropic principal curvatures of f at x is independent of the choice of x ∈ M , then we call f : M ֒→ M a hypersurface with constant anisotropic principal curvatures. Next we shall introduce the notion of an anisotropic isoparametric hypersurface. Define a map
where exp f (x) is the exponential map of M at f (x). It is easy to show that f t is an immersion for each t sufficiently close to zero. If f t is an immersion, then we call f t : M ֒→ M an anisotropic parallel hypersurface of f : M ֒→ M of distance t. Also, if f t is not an immersion but the differential of f t at each point of M is of constant rank, then we call f t (M ) an anisotropic focal submanifold of f : M ֒→ M (corresponding to anisotropic focal radius t). If, for each t sufficiently close to zero, f t : M ֒→ M is of constant anisotropic mean curvature, we call f : M ֒→ M an anisotropic isoparametric hypersurface. We consider the case where M is a symmetric space. Then a Jacobi field Y along a geodesic γ in M is described as
In particular, the anisotropic M -Jacobi field Y X of f is described as
). According to (2.5), the anisotropic focal radii of f at x coincide with zero points of the function
In particular, in the case where M is a Euclidean space, D co s(ξ F )x = D si s(ξ F )x = id and hence the anisotropic focal radius of f at x are equal to the inverse numbers of anisotropic principal curvatures of f at x.
At the end of this section, we give an explicit description of the linear map τ hol v defined in the previous secition in the case where M is a symmetric space.
Let Y be the vector field along γ p defined by Y := ∂δ ∂t t=0 . Since Y is the Jacobi field along γ p with Y (0) = 0 and Y ′ (0) = v, it is described as
Let w be the vector field along δ with
Clearly we have
Define a vector field Z along δ by
Then, by using (2.6), we can show
Also, we have Z| s=t=0 = 0. Hence we obtain
In particular, we obtain
This relation together with (2.7) implies the desired relation. q.e.d.
Anisotropic tubes
We use the notations in Sections 1 and 2. In this section, we introduce the notion of anisotropic tube over a submanifold. Let B be an embedded submanifold in M and π B : T ⊥ 1 B → B the unit normal bundle of B. For a positive number r, we define
is an immersion, then we call t F r (B) the anisotropic tube over B of radius r. For an anisotropic tube, we can show the following fact. Proof. By the assumption, we have B = f r (M ). Set ε := r |r| . Let ξ(s) and ξ F (s) (0 ≤ εs < εr) be the unit normal vector field and the anisotropic normal vector field of the parallel hypersurface f s (M )(= t F s−r (B)) of f (M ), respectively. Take x ∈ M and set p :
Thus it follows from the arbitrariness of x that f (M ) ⊂ t F −r (B). Furthermore, it follows from the completeness of f (M ) that f (M ) = t F −r (B). q.e.d. 
The anisotropic geodesic spheres
We use the notations in Sections 1-3. For simplicity, set Exp := exp p 0 . In this section, we consider the anisotropic tube t F r (p 0 ) over {p 0 }. We call this tube the anisotropic geodesic sphere of r centered at p 0 . For example, in the setting of Palm] , the Wulff shape is the anisotropic geodesic sphere of radius 1 centered at the origin. Define
Assumption. Let r be such a sufficiently small positive constant as t F r (p 0 ) does not intersect with the cut locus of p 0 .
Assume that M is a symmetric space of compact type or non-compact type. Let G be the identity component of the isometry group of M and G p 0 the isotropy group of G at p 0 . For simplicity, set K := G p 0 . Also, let g and k the Lie algebras of G and K, respectively, and g = k + p be the canonical decomposition. The space p is identified with T p 0 M . Fix v ∈ p. Take a maximal abelian subspace a v of p containing v, where "abelian" means that R(w 1 , w 2 ) = 0 holds for any elements w 1 and w 2 of a v . Then it is shown that R(w) := R(·, w)w's (w ∈ a v ) are simultaneously diagonalizable. Hence they have common eigenspace decomposition. Let p = a v ⊕ ⊕ k i=1 p v i be their common eigenspace decomposition. It is clear that there exist an element α v i of the dual space a * v of a v such that, for each w ∈ a v , R(w) = εα v i (w) 2 id holds on p v i , where id is the identity transformation of p and ε = 1 (resp. ε = −1) in the case where G/K is of compact type (resp. of non-compact type). Note that α v i is unique up to the (±1)-multiple. Set
For convenience, we denote p v i (resp. a v ) by p v α i (resp. p v 0 ). The sysytem △ v gives a root system and it is isomorphic to the (restricted) root system of the symmetric pair (G, K). Hence, if α, β ∈ △ v and if β = aα for some constant a, then a = ±1 or ± 2.
Denote by ξ and ν the outward unit normal vector field and the Gauss map of f F p 0 ,r , respectively. For ν, we have the following fact. Proof. For simplicity, set f := f F p 0 ,r and f := f F p 0 ,r . Take X ∈ T v S n (1). Let c(t) (−ε < t < ε) be a curve in S n (1) with c ′ (0) = X. Then we have (4.1)
where ∇ 0 is the Euclidean connection of T p 0 M , ι is the inclusion map of S n (1) into T p 0 M and (∇ 0 ) ι is the covariant derivative along ι induced from ∇ 0 . On the other hand, since F is Φ-invariant (hence invariant with respect to the linear isotropy action K p), we may assume that (grad F ) v ∈ a v by retaking a v if necessary. First we consider the case of X ∈ a v . Then we have ∇ 0 X grad F ∈ a v . Hence, since (XF )v + F (v)X + ∇ 0 X grad F belongs to a v , we can derive
From (4.1) and this relation, we have
Hence we obtain
Next we consider the case of X ∈ a ⊥ v . Take a curveĉ :
. This vector field Y is the Jacobi field along γ f (v) with Y (0) = 0 and
On the other hand, from X ∈ a ⊥ v , we have XF = 0 and ∇ 0 X grad F ∈ a ⊥ v . From these facts, we can show that
Hence the relation (4.2) follows from (4.1). Thus, in both cases, we can derive (4.2). Therefore, from the arbitrariness of X, we obtain
Denote by r M the first conjugate radius of M . For the anisotropic geodesic sphere, we have the following fact.
Theorem 4.2. Assume that M is an irreducible symmetric space of compact type or non-compact type and that it is of rank greater than one. Then the following statements
Proof. For simplicity, set f := f F p 0 ,r and f := f F p 0 ,r . Denote by A the shape operator of f (for ξ). Also, denote by ξ F the anisotropic transversal vector field of f and A F the anisotropic shape operator of f . Take v ∈ S n (1). According to Lemma 4.1, we have ν(v) = v. From this fact, it is easy to show that γ ′ f (v) (1) = r(ξ F ) v . For simplicity, denote γ f (v) by γ. Take X ∈ T v (S n (1)) and let c : (−ε, ε) → S n (1) be a curve with c ′ (0) = X, where ε is a small positive number. Define a map δ :
, which is a Jacobi field along γ. We have Y (0) = 0 and
So, according to (2.4), we have
Hence we have
On the other hand, we have (4.5)
Let a v , △ v and p v α be as above. Since F is Φ-invariant (hence invariant with respect to the linear isotropy action tion K p), we may assume that (grad F ) v ∈ a v retaking a v if necessary.
First we consider the case of X ∈ a v ⊖ Span{v}. Then, since (grad F ) w ∈ a v for any w ∈ S n (1) ∩ a v , we have ∇ S X grad F ∈ a v . Hence it follows from (4.4) that
Also it follows from (4.5) that
Therefore, we obtain
Next we consider the case of X ∈ p v α (α ∈ △ v ). Then there exist a one-parameter
coincides with the parallel translation along t → k t · v in S n (1) and since grad F is K-invariant, we obtain ∇ S X grad F = 0. Hence it follows from (4.4) that (4.10)
where
Here, when M is of compact type, we note that r √ ε|α(τ
. Also, we have (4.13)
According to (4.8) and (4.12), the spectrum Spec A F v of A F v is given by (4.14) Spec A
where △ v + is the positive root system of △ v under some lexicographic ordering of a * v . Since M is an irreducible symmetric space of rank greater than one, α((ξ F ) v ) depends on the choice of v ∈ S n (1). Therefore t F r (p 0 ) does not have constant anisotropic principal curvatures and it is not anisotropic isoparametric. Thus the statements (ii) and (iii) follow. In particular, if r <
in the case where M is of compact type. Hence, in this case, it follows from (4.14) that W F (r) is anisotropic convex. Thus the statement (i) follows. From (4.9) and (4.13), the set AFR v of all anisotropic focal radii of t F r (p 0 ) at v is given by
Hence we obtain the statement (v). Also, since α((ξ F ) v ) depends on the choice of v ∈ S n (1), we obtain the statement (iv). q.e.d.
Remark 4.1. If M is irreducible and of rank greater than one, then geodesic spheres in M are not isoparametric and they have not constant principal curvatures. On the basis of this fact, we can conjecture the statements (ii) and (iii) of this theorem in advance.
5 Anisotropic tubes over certain kind of reflective submanifolds in a symmetric space
We use the notations in Sections 1-4. Let M be a symmetric space of compact type or non-compact type. In this section, we shall show that anisotropic tubes over a reflective singular orbit of a Hermann action of cohomogeneity one on M are anisotropic equifocal and anisotropic isoparametric hypersurface (for F). Fix p 0 ∈ M . Let G and K be as in the previous section. Let θ be the involution of G with (Fix θ) 0 ⊂ K ⊂ Fix θ, where Fix θ is the fixed point group of θ and (Fix θ) 0 is the identity component of Fix θ. Here, in the case where M is of compact type (resp. non-compact type), we give M the G-invariant metric induced from the − , K (resp. , K ), where , K is the Killing form of the Lie algebra of G. Let H be a symmetric subgroup of G (i.e., (Fix τ ) 0 ⊂ H ⊂ Fix τ for some involution τ of G). The natural action of H on M is called a Hermann action (see [HPTT] , [Kol] , [Koi2] ). In the sequel, we assume that the H-action is of cohomogeneity one and commutative, where "commutative" means that θ • τ = τ • θ. Let g, k and h be the Lie algebras of G, K and H, respectively. We denote the involutions of g induced from θ and τ by the same symbols θ and τ , respectively. Set p := Ker(θ + id) and q := Ker(τ + id). For simplicity, set B := Hp 0 , which is reflective because θ • τ = τ • θ. Note that p, p ∩ h and p ∩ q are identified with T p 0 M , T p 0 B and T ⊥ p 0 B, respectively. Let exp(: T M → M ) be the exponential map of M and exp G be the exponential map of G.
Then we have f F B,r = exp • f F B,r . Denote ∇ ⊥ B the normal connection of B and P hol v the holonomy subbundle of T M through v. Then we can show the following fact.
Lemma 5.1. The holonomy invariant elliptic parametric Lagrangian F is constant over
Proof. Take any curve c in B. Since B is totally geodesic, the parallel translations along c with respect to ∇ ⊥ B and ∇ coincide with each other. Hence P hol v is included by
On the other hand, since the H-action on M is of cohomogeneity one, we can derive that the fibre π −1 B (p 0 ) is an orbit of the subaction by H ∩K of the linear isotropy group action K T p 0 M (which is the holonomy group action of M at p 0 ). Hence we obtain 
Proof. From the holonomy invariantness of
From this relation and Lemma 5.1, the desired relation follows directly. q.e.d.
Denote by H (resp. V) be the horizontal (resp. vertical) distribution on T ⊥ 1 B, where "horizontality" means that so is with respect to ∇ ⊥ B . Then we can show the following fact. 
r is an embedding, and t F r (B) is an anisotropic equifocal and anisotropic isoparametric hypersurface,
(ii) t F r (B) has constant anisotropic principal curvatures.
Proof. For simplicity, set f := f F B,r , f := f F B,r and M := t F r (B). Denote by ξ, ξ F and A F the unit normal vector field , the anisotropic normal vector field and the anisotropic shape operator of f , respectively. For any p ∈ B, denote by G p the isotropy group of G at p. For convenience, set K p := G p . Let k p be the Lie algebra K p and g = k p + p p be the canonical decomposition associated with the symmetric pair (G, K p ). Let γ 
be the common eigenspace decomposition of R(w) := R(·, w)w's (w ∈ a v ) and α v i of the dual space a * v of a v such that, for each w ∈ a v , R(w) = εα v i (w) 2 id holds on p v i , where ε = 1 (resp. ε = −1) in the case where M is of compact type (resp. of non-compact type). Set
. Take any p ∈ B and any v ∈ π 
, which is a Jacobi field along γ f (v) with Y (0) = 0. Also we have
where ∇ 0 is the Euclidean connection of T p M , ι is the inclusion map of S n (1) p into T p M , (∇ 0 ) ι is the covariant derivative along ι induced from ∇ 0 and ∇ S is the Riemannian connection of S n (1) p . Since F is holonomy invariant and w belongs to a ⊥ v , we can derive ∇ S w grad( F | S n (1)p ) = 0 (see the proof of Theorem 4.2). Hence we have Y ′ (0) = r F (v)w. Therefore Y is described as
w .
Take v ∈ π −1 B (p) and X ∈ T p B. Let γ X : (−a, a) → B be the geodesic in B with γ ′ X (0) = X (i.e., γ X (t) = exp p tX) and v the parallel unit normal vector field of B along γ X with v(0) = v. Define a mapδ : (−a, a)
, which is a Jacobi field along γ f (v) withȲ (0) = X. Since B is totally geodesic, we have
On the other hand, since F is holonomy invariant, we have (X L v ) F = 0. From these facts and Lemma 5.2, we can derivē
ThereforeȲ is described as
Since r < r M 2 max u∈S n (1) ||F (u)u+(grad F )u|| by the assumption and r M < min
for any α ∈ △ v + . Therefore, it follows from (5.2) and (5.4) that f is an immersion. Furthermore, it is easy to show that f is an embedding. From (5.2) and (5.4), we have 
Assume that w ∈ p v α . Then it follows from (5.2) and (5.6) that
Assume that X ∈ p v α . Then it follows from (5.4) and (5.7) that
According to (5.8) and (5.10), we obtain (5.12)
where p v 0 means a v . Also, according to (5.9) and (5.11), we obtain
Take a geodesicγ in B withγ(0) = p. SetX :=γ ′ (0). We haveγ(t) = Exp tX and τγ | [0,t] = (exp G tX) * p . Set g t := exp G tX. According to Lemma 5.2, we have (τγ
where τγ
is defined in similar to τ p q . From this fact, we can derive Spec A F γ L v (t) = Spec A F v and AFRγL v (t) = AFR v . Therefore, it follows from the arbitrariness ofγ and
• and AFR • are independent of the choice of • ∈ T ⊥ 1 B. Therefore, M is anisotropic equifocal and has constant anisotropic principal curvatures. For each t close to 0, the anisotropic parallel hypersurface f t : T ⊥ 1 B → M is given by
. As above, it is shown that M t 's have constant anisotropic principal curvatures and hence they have constant anisotropic mean curvature. That is, M is anisotropic isoparametric. This completes the proof. q.e.d.
At the end of this section, we give the list of all (commutative) Hermann actions H G/K of chomogeneity one on irreducible symmetric spaces G/K of non-compact type and rank greater than one and the reflective singular orbit B = H(eK) (see [BT, Koi3] ).
SO 0 (2, 2n − 2)/SO(2) × SO(2n − 2)
Sp(1, n − 1) Sp(1, n − 1)/Sp(1) × Sp(n − 1) n ≥ 3 SU (2, 2n − 2)/S(U (2) × U (2n − 2)) Table 1 . The dual action H * G * /K of a (commutative) Hermann action H G/K is defined in a natural manner, where G * is the compact dual of G with respect to K and H * is the compact dual of H with respect to H ∩ K. The dual actions of Hermann actions in Table 1 are all of (commutative) Hermann actions of cohomogeneity one on irreducible symmetric space of compact type and rank greater than one.
By using this lemma, we shall prove Thoerem 6.1.
Proof of Theorem 6.1. First we shall show that f is anisotropic equifocal if and only if f is of constant anisotropic principal curvatures. Denote by γ F (x,u) the geodesic in V whose initial velocity vector is equal to ( ξ F ) (x,u) . Take X ∈ T (x,u) M . The anisotropic M -Jacobi field Y X along γ F (x,u) with Y X (0) = f * X and Y ′ X (0) = − f * ( A F (x,u) X) is described as (6.3) Y X (s) = f * X − s f * ( A F (x,u) (X)).
From this description, anisotropic focal radii of f at (x, u) are equal to the inverse numbers of anisotropic principal curvatures. Also, since φ is a Riemannian submersion and ξ F is the horizontal lift of ξ F , the anisotropic focal radii of f at x are equal to those of f with considering their multiplicities. From these facts, it follows that f is anisotropic equifocal if and only if f has constant anisotropic principal curvatures. Next we shall show that f has constant anisotropic principal curvatures if and only if f is anisotropic isoparametric. Take a positive number ε such that f t (−ε < t < ε) are immersions. Denote by ξ t F and A F t the anisotropic transversal vector field and the anisotropic shape operator of the parallel hypersurface f t : M ֒→ V (−ε < t < ε), respectively. Also, denote by H t F the anisotropic regularized mean curvature of f t . Easily we can show that ξ t F = ξ F in V . Assume that A F (x,u) (X) = λX. Let Y X be the anisotropic M -Jacobi field along γ F (x,u) with Y X (0) = f * X and Y ′ X (0) = − f * ( A F (x,u) X). Since Y X (t) = ( f t ) * X, Y ′ X (t) = −( f t ) * (( A F t ) (x,u) (X)), and since Y X is described as in (6.3), we have ( f t ) * X = (1 − tλ) f * X and ( f t ) * (( A F t ) (x,u) (X)) = λ f * X. From these relation, we obtain (6.4) ( A F t ) (x,u) (X) = λ 1 − tλ X.
Denote by Spec(·) the spectrum of (·). Set m λ := dim Ker( A F (x,u) − λ id) for each λ ∈ Spec A F (x,u) . From (6.4), we have (x,u) and dim Ker ( A where the right-hand side means the regularized series. Hence, by using Lemma 4.1 in [HLO] , we can show that f has constant anisotropic principal curvatures if and only if f is anisotropic isoparametric.
Finally we shall show that f is anisotropic isoparametric if and only if so is f . Denote by H t F the anisotropic mean curvature of f t . According to (i) of Lemma 6.2, we have φ • f t = f t • φ M . Hence we have H t F = H t F • φ M in similar to (ii) of Lemma 6.2. This implies that f is anisotropic isoparametric if and only if so is f . Therefore the statement of Theorem 6.1 follows.
q.e.d.
